Spin and Anholonomy in General Relativity by Aldrovandi, R. et al.
ar
X
iv
:g
r-q
c/
04
02
02
2v
2 
 5
 F
eb
 2
00
4
SPIN AND ANHOLONOMY IN GENERAL RELATIVITY
R. Aldrovandi, P. B. Barros and J. G. Pereira
Instituto de F´ısica Teo´rica, Universidade Estadual Paulista
Rua Pamplona 145, 01405-900 Sa˜o Paulo, Brazil
In the general case, torsion couples to the spin current of the Dirac field. In General
Relativity, the apparent torsion field to which the spin current of the Dirac field couples is
a mere manifestation of the tetrad anholonomy. Seen from the tetrad frame itself, it has for
components the anholonomy coefficients. The latter represent mechanical characteristics of
the frame. In the teleparallel equivalent of General Relativity, this coefficient turns out to
be the only torsion present.
1. INTRODUCTION
Let a spacetime metric1 gµν be given in terms of a tetrad field h
a
µ by
gµν = ηab h
a
µh
b
ν , (1)
where ηab represents the Lorentz metric. The metric determines a special connection, the Levi-
Civita connection, whose components are the Christoffel symbols
◦
Γ
λ
µν =
1
2g
λρ [∂µgρν + ∂νgρµ − ∂ρgµν ] . (2)
Using Eq.(1), it can be rewritten in terms of the tetrad field as
◦
Γλµν =
1
2
{
hb
λ(∂νh
b
µ + ∂µh
b
ν) + h
aλha
ρ [haν(∂µh
a
ρ − ∂ρhaµ) + haµ(∂νhaρ − ∂ρhaν)]
}
. (3)
Differently from the torsionless Levi-Civita connection, a general connection Γλνµ exhibits
torsion,2,3 a tensor whose components are essentially the antisymmetric parts of the connection
components in the last two indices:
T λµν = Γ
λ
νµ − Γλµν . (4)
As said, this is zero for the Levi-Civita connection, but the existence of torsion has important
consequences even in that case: the property
◦
T λµν = 0 is at the origin of the well-known cyclic
symmetry of the Riemann tensor components.
An object is parallel-transported when its covariant derivative vanishes. The condition of met-
ric compatibility (or preservation) is satisfied when the metric is everywhere parallel-transported
by the connection, that is,
∇λ gµν ≡ ∂λgµν − Γρµλgρν − Γρνλgµρ = 0. (5)
We shall see later that any metric-preserving linear connection is, actually, a Lorentz connection.
It is worth mentioning that a theorem by Ricci states that there is a single connection with a
given torsion and satisfying (5). The Levi-Civita connection is that unique connection which
2is metric-compatible and has zero torsion. If a connection Γ preserves a metric and is not its
Levi-Civita connection, then it will have T λµν 6= 0.
Tetrads represent frames.4,5 The components of general tensors, seen from those frames, are
obtained by contraction with haµ, and their inverses hb
ν are obtained from the relations
haµha
ν = δνµ and h
a
µhb
µ = δab . (6)
Thus, a second rank tensor V λµ, for example, will be seen with components
V ab = h
a
λh
µ
b V
λ
µ.
Connections, however, follow a different rule. The last index in
◦
Γλµν is a normal vector index, but
the first two have a different character. Seen from the tetrad frame, the Levi-Civita connection
appears as the spin-connection
◦
ωabc, related to the Christoffel symbols by
◦
ωabc ≡ ◦ωabνhcν = haλ
◦
Γ
λ
µν hb
µhc
ν + hc
νhaρ ∂ν hb
ρ. (7)
The essential role of a connection is to define covariant derivatives, such as
◦
∇νV λ = ∂νV λ +◦
ΓλµνV
µ for a vector field, and
◦
∇νVλ = ∂νVλ −
◦
ΓµλνVµ for a covector. In contrast with the
ordinary derivative, the covariant derivative of a tensorial object is another tensorial object, and
rule (7) ensures its good behavior under change to the tetrad frame:
◦
∇νV λ = haνhbλ
◦
∇aV b.
The name “spin-connection” given to (7) comes from its appearence in the Dirac equation
on a Riemannian manifold,6
i~γchc
µ
(
∂µ − i4
◦
ωabµ σab
)
ψ ≡ i~γc
(
hc − i4
◦
ωabc σab
)
ψ = mcψ. (8)
This equation comes from the lagrangian
Lψ =
√−g
{
i
2
[
ψ¯γµ
(
∂µψ − i4
◦
ωabµσabψ
)
−
(
∂µψ¯ +
i
4
◦
ωabµψ¯σab
)
γµψ
]
− mc
~
ψ¯ψ
}
. (9)
Let us introduce the tensors
Θaµ =
i
2
[
ψ¯γa(∂µψ)− (∂µψ¯)γaψ
]
(10)
and
Sµab = − 14 ψ¯ [γµσab + σabγµ]ψ = − 14 ψ¯ {γµ, σab}ψ, (11)
with γµ = γchc
µ. When ψ is a solution of the Dirac equation, Θaµ will be the canonical energy-
momentum density tensor, and Sµab will be the spin density tensor. They can, however, be
considered also “off-shell”, simply as densities. In terms of these tensors, the Lagrangian (9)
takes on the form
1√−g Lψ = haµΘaµ − 12
◦
ωabµS
µ
ab − mc~ ψ¯ψ. (12)
3It can be seen from this expression that the energy-momentum couples to the tetrad field, and the
spin current couples to the spin-connection. The tensor Scab = hcµ S
µab is clearly antisymmetric
in the last two indices. Actually, using the basic γ-matrices property
γaγb = ηab − iσab, (13)
as well as its consequences
σab = i2 [γ
a, γb], {γa, γb} = 2ηab, {γc, σab} = − {γb, σac}, (14)
it follows that Scab is totally antisymmetric, or has cyclic symmetry:
Scab = − Sbac = Sbca.
The Lagrangian can, consequently, be rewritten as
L = √−g
[
ha
µΘaµ − 12
◦
ωa[bc]S
cab − mc
~
ψ¯ψ
]
. (15)
The piece
◦
ωa[bc] of the spin connection, antisymmetric in the last two indices as in (4), has the
look of a torsion, but there is no torsion available: the only connection involved is the zero-
torsion Levi-Civita connection. It is our aim here to show that indeed no real torsion is involved
because
◦
ωa[bc] is a pure property of the tetrad frame. In order to do so, we shall be forced to
make a kind of revision of what has been said above, in particular to clarify the meaning of the
many objects involved in the standard notation used.
2. THE ROLE OF FRAMES
A coordinate system {xµ} defines local bases for vector fields, formed by the set of gradients
{ ∂
∂xµ
}, and also for covector fields — formed by the differentials {dxµ}. These bases (or frames)
are dual, in the sense that dxµ( ∂
∂xν
) = δµν . A vector field will be a derivative U = Uµ∂µ, a
covector will be a 1-form ω = ωµdx
µ. Pairs {∂µ, dxν} of bases, directly related to a coordinate
system, are said to be holonomic, coordinate or natural. The gµν ’s in Eq.(1) and the Christoffel
symbols are the components of the metric g and the Levi-Civita connection
◦
Γ in base {dxµ}.
The notation {ha, ha} will be used for a generic tetrad field.
Tetrads — bases on 4-dimensional spacetime — are not necessarily of this kind. Any set
{ha} of four linearly independent vector fields is a local base, or linear frame, and has its dual
{ha} with ha(hb) = δab . A holonomic tetrad will always be of the form {ha = ∂∂ya , ha = dya}
for some set of functions {ya}. The components of each covector ha = haµdxµ along dxµ are
obtained by applying it to ∂
∂xµ
: haµ = h
a( ∂
∂xµ
). The procedure can be inverted when ha are
linearly independent, and defines vector fields ha = ha
µ ∂
∂xµ
which are not gradients. This means
that, given the commutation table
[ha, hb] = f
c
ab hc, (16)
4there will be non-vanishing structure coefficients f cab for some a, b, c. The frame { ∂∂xµ } is
holonomic because its members commute with each other. The components of vector ha =
ha
µ∂µ along ∂µ comes from applying dx
µ: ha
µ = dxµ(ha). Duality of {ha, hb} is then ensured
by Eqs.(6).
A more intuitive view of the meaning of f cab can be obtained in terms of Lie derivatives,
which generalize usual partial derivatives. The partial derivative ∂ψ
∂xµ
of an object ψ is the
Lie derivative of ψ along the local integral curve of vector field ∂
∂xµ
, the coordinate axis xµ.
The Lie derivative haψ will be the derivative of ψ along the local integral curve of vector field
ha. Derivatives of vector fields are given by the commutator: [ha, hb] is the Lie derivative of
the vector field hb along the local integral curve of vector field ha. Consequently, f
c
ab in (16)
measures the components of that “partial” derivative along hc.
Denoting by u the curve parameters, the components of a velocity U are given by the holo-
nomic form dxµ applied to the time-evolution vector field d
du
, that is,
Uµ =
dxµ
du
= dxµ
(
d
du
)
.
The velocity Uµ represents, consequently, the variation of the coordinate xµ in time u. Seen
from the tetrad {ha}, U has components
Ua = haµU
µ = haµdx
µ
(
d
du
)
= ha
(
d
du
)
. (17)
If {ha} is holonomic, then ha = dya for some coordinates {ya}, and Ua = dy
a
du
, measuring the
variation of coordinate ya in time u. If {ha} is not holonomic, however, Ua will be the variation
of no coordinate with time (the standard non-relativistic example of anholonomic velocity is the
angular velocity of a rigid body in the general, non-planar case).
Bases {ha, hb} will be anholonomic in the generic case. In fact, a gravitational field is present
only when the tetrad field in (1) is anholonomic. As ∂νh
b
µ = ∂µh
b
ν for a holonomic tetrad,
expression (3) reduces to
◦
Γ
λ
µν = hb
λ∂µh
b
ν (18)
and the covariant representative of the gravitational field in General Relativity, the curvature
Riemann tensor
◦
R
λ
ρµν = ∂µ
◦
Γ
λ
ρν − ∂ν
◦
Γ
λ
ρµ +
◦
Γ
λ
σµ
◦
Γ
σ
ρν −
◦
Γ
λ
σν
◦
Γ
σ
ρµ, (19)
vanishes. In that case, gµν would be simply the components of the Lorentz metric η transformed
to the coordinate system {xµ}.
The dual version of the commutation table (16) is the Cartan structure equation
dhc = − 12f cab ha ∧ hb = 12 (∂µhcν − ∂νhcµ) dxµ ∧ dxν . (20)
The structure coefficients — or anholonomy coefficients — represent the curls of the base mem-
bers:
f cab = ha
µhb
ν(∂νh
c
µ − ∂µhcν) = hcµ[ha(hbµ)− hb(haµ)]. (21)
5If f cab = 0, then dh
a = 0 implies the local existence of functions (coordinates) ya such that ha
= dya. The tetrads are gradients when the curls vanish.
Combining expression (21) with (7), the true meaning of the “torsion” appearing in (15) is
found:
◦
ωabc − ◦ωacb = facb. (22)
It follows that that Lagrangian is also
L = √−g
{
ha
µΘaµ +
1
4fabcS
cab − mc
~
ψ¯ψ
}
. (23)
The spin tensor couples actually to the anholonomy of the tetrad field — if we wish, to the
completely antysymmetrized anholonomy coefficient. The Dirac equation derived from (23) is
i~γc
(
hc +
i
8 fabc σ
ab
)
ψ = mcψ. (24)
The antisymmetric part acquired by a symmetric connection like
◦
Γ when looked at from the
frame {ha} is a mere effect of the basis anholonomy. Let us make it clear with an example from
electromagnetism. Seen from frame {ha}, the electromagnetic field strength Fµν = ∂µAν−∂νAµ
will have components
Fab = ha
µhb
νFµν = ha(Ab)− hb(Aa) + (ωcab − ωcba)Ac,
which is the same as
Fab = ha(Ab)− hb(Aa)− f cabAc. (25)
The last, anholonomy term is essential to the invariance of Fab under a U(1) gauge transformation
as seen from the frame {ha}, which is
Aa → A′a = Aa + haφ.
The corresponding field strength transformation is consequently
F ′ab = haA
′
b − hbA′a − f cabA′c = Fab + hahbφ− hbhaφ− f cabhcφ = Fab.
Now, it so happens that (25) is exactly what comes out from a direct calculation of the invariant
form F = dA = d(Aah
a) by using (20) in the absence of any Lorentz connection.
This is enough to vindicate our main claim, but it is interesting to learn more about the spin
connection and its relationship with anholonomy. The latter actually determines
◦
ωabc completely.
Indeed, direct substitution of (3) into (7), and use of (21), leads to a general relation, from which
(22) follows automatically. This equation, in turn, is equivalent to
◦
ωabc = −12 (fabc + fbca − fcab) . (26)
Let us recall the force equation:5,7 In absence of external (that is, non-gravitational) forces,
a structureless particle follows a path given by the geodesic equation
◦
∇Uλ
∇u ≡
dUλ
du
+
◦
Γ
λ
µνU
µUν = 0. (27)
6The path is a curve γ(u) whose velocity field U itself is parallel-transported by
◦
Γ along the curve.
The first term in the middle expression is the kinematic acceleration of Special Relativity. The
second is the effect of gravitation seen as an inertial acceleration.
In the presence of an external force the particle acquires an aceleration given by the so-called
equation of force
◦
aλ =
◦
∇Uλ
∇u (28)
which, seen from the tetrad frame {ha}, takes the form
◦
aa =
dUa
du
+
◦
ωabc U
bU c. (29)
Use of (26) allows to write the force equation in terms of the anholonomy coefficients:
dUa
du
+ fb
a
c U
bU c =
◦
aa. (30)
Here we see the second, inertial term for what it is: A frame effect.
Expression (26) shows a further characteristic of the spin connection: with the index lowered
by the Lorentz metric,
◦
ωabc is antisymmetric in the first two indices:
◦
ωabc = − ◦ωbac. (31)
Of course, only
◦
ω[ab]c appears in the Dirac equation, but it could happen that the connection
had some part
◦
ω(ab)c which the equation would ignore. We see that this is not the case. Many
properties have been used to arrive at (26), but one is enough to give (31): it comes directly
from (5) written for the Levi-Civita connection, which reads
∂λgµν = 2
◦
Γ(µν)λ =
◦
Γµνλ +
◦
Γνµλ = h
a
µh
b
νh
c
λ(
◦
ωabc +
◦
ωbac) + ∂λgµν . (32)
We can alternatively say that, from the tetrad point of view, (5) is
hc(ηab)− ◦ωdacηdb − ◦ωdbcηad = 0. (33)
The underlying content of metric-preservation is revealed by property (31), which states that
the connection is Lorentzian. Let us see why.
3. LINEAR AND LORENTZ CONNECTIONS
Connections are 1-forms with values in Lie algebras of Lie groups. Gauge potentials are
related to groups not involving spacetime. For example, the gauge potential of chromodynamics,
the gluon field, is a connection with values in Lie algebra of the group SU(3)-color. The potential
Aµ of electrodynamics does not exhibit this character clearly because it has values in Lie algebra
of the group U(1), which is 1-dimensional.
General Relativity works with spacetime itself, seen as a differentiable manifold. Tensors
and connections on a 4-dimensional differentiable manifold are related to the real linear group
7GL(4,R), the set of invertible 4 × 4 matrices with real entries. Connections with values in the
Lie algebra gl(4,R) of GL(4,R) are called linear connections.
A Lie algebra is a vector space with a binary internal operation which is antisymmetric and
satisfies the Jacobi identity. Matrices do constitute Lie algebras with the operation defined by
the commutator. The algebra gl(4,R) is formed by all 4 × 4 matrices with real entries. In
discussing such algebras, it is extremely convenient to establish a base for the underlying vector
space. The simplest in the case is formed by the matrices ∆a
b whose entries are all zero except
for that of the a-th row and b-th column, which is equal to 1:
(∆a
b)dc = δ
d
a δ
b
c. (34)
An arbitrary 4× 4 matrix K can be written K = Kab∆ab. The rather awkward index positions
are chosen to make contact with the standard notation of General Relativity. Linear connections
are matrices of 1-forms,
Γ = ∆a
bΓabµdx
µ = ∆a
bΓabch
c. (35)
A general procedure allows to obtain subalgebras of gl(4,R) related to the orthogonal or
pseudo-orthogonal subgroups of GL(4,R). We shall apply it directly for the Lorentz group.
Define first new matrices with indices lowered by the Lorentz metric, {∆ab} = ηbc∆ac. Then,
the set of matrices {Jab = ∆ab−∆ba} provide a (vector) representation for the generators of the
Lorentz group. Their entries are
(Jcd)
a
b = ηdb δ
a
c − ηcb δad . (36)
Notice that we have simply lowered the indices with the pseudo-orthogonal Lorentz metric and
antisymmetrized. Consequently, any linear connection which appears antisymmetric in the first
two indices and has them raised and lowered by the Lorentz metric is a connection with values
in the Lie algebra of the Lorentz group. This is the case of the spin connection, and will be the
case of any connection preserving the metric (1): Any such connection will have, once seen from
the tetrad frame, the form
ω = 12 Ja
b ωabc h
c, (37)
with Ja
b the Lorentz generators.
A Lorentz transformation will be given by
Λ = exp
[
1
2 Jcd α
cd
]
, (38)
where αcd are the transformation parameters: αij are the usual rotation angles, and α0k are the
boost parameters — essentially relative velocities. To see more about Lorentz connections it is
necessary to look at the place taken by the Lorentz group in General Relativity.
84. ROLE OF THE LORENTZ GROUP
It is no surprise that the Lorentz group somehow turns up. A spacetime is a 4-dimensional
differential manifold whose tangent space is, at each point, a Minkowski space on which it acts. A
tetrad field ha takes the Lorentz metric ηab into a spacetime metric g, which has the components
given in Eq.(1) in the base {dxµ}, in terms of which ha = haµdxµ. Each metric g = gµνdxµdxν
will make of spacetime a particular Riemannian space.
Given a gravitational field, the base {ha} which determines the corresponding Riemannian
metric is far from being unique. At each point of the Riemannian space, Eq. (1) only determines
the tetrad field up to Lorentz transformations in the tetrad indices. Suppose in effect another
tetrad {h′a} such that
gµν = ηab h
a
µh
b
ν = ηcd h
′c
µh
′d
ν . (39)
Contracting both sides with he
µhf
ν , we arrive at
ηab = ηcd (h
′c
µha
µ)(h
′d
νhb
ν).
This equation says that the matrix with entries
Λab = h
′a
µ hb
µ, (40)
which gives the transformation
h
′a
µ = Λ
a
b h
b
µ, (41)
satisfies
ηcd Λ
c
a Λ
d
b = ηab. (42)
This is just the condition that a matrix Λ must satisfy in order to belong to (the vector repre-
sentation of) the Lorentz group.
Besides the mentioned behavior when changing between holonomic and anholonomic bases,
condition (7) ensures the covariant derivative good behavior also under Lorentz transformations:
∇νV λ = ha′νhb′λ∇a′V ′b and ∇a′V b′ = Λca′Λb′d∇cV d.
The Riemannian metric g = (gµν) is a Lorentz invariant. In other words, any two tetrad
fields as {ha} and {h′a} in (39) yields the same g. A metric corresponds to an equivalence class
of tetrad fields, the quotient of the set of all tetrads by the Lorentz group. The sixteen fields
haµ correspond, from the field-theoretical point of view, to ten degrees of freedom — like the
metric — once the equivalence under the six-parameter Lorentz group is taken into account.
If we use Λab as given by Eq. (40), as well as its inverse
(Λ−1)ab = h
a
µ h
′
b
µ = ηbc η
ad Λcd = Λb
a,
we find how the components change under a Lorentz transformation:
ω
′a
bν = Λ
a
c ω
c
dν(Λ
−1)db + Λ
a
c ∂ν(Λ
−1)cb. (43)
This is just the usual behavior of a gauge potential under transformations of the corresponding
gauge group.
95. INERTIAL EFFECTS
We have been talking about the effect of frames as inertial effects. Let us now see that some
of the anholonomy coefficients represent frame accelerations and angular velocities.
The timelike member h0 of a set {ha} of vector fields constituting a tetrad will define, for
each set of initial conditions, an integral curve γ. It is always possible to identify h0 to the
velocity U of γ. This would mean Ua = haνh0
ν = δa0 . The frame, as it is carried along that
timelike curve, will be inertial or not, according to the corresponding force law (28). The force
equation can be obtained by using, for example, Eq. (7) written for h0:
∂ν h0
λ +
◦
Γλµν h0
µ = ha
λ ◦ωa0ν .
This leads, with U = d
du
= h0, to the expression
h0
ν∂ν h0
λ +
◦
Γλµν h0
µh0
ν ≡ Uν∂ν Uλ +
◦
Γλµν U
µUν = ha
λ ◦ωa0νh0
ν , (44)
implying the frame acceleration
◦
aλ = hk
λ ◦ωk00 = hk
λf00k. (45)
It follows that an accelerated frame is necessarily anholonomic: it must have at least f00k 6= 0.
To examine the behavior of the spacelike members of the tetrad along γ, consider Eq. (7) for
hi. Indicating by a(i)
λ the covariant change rate of hi
λ,
a(i)
λ = ∇Uhiλ = haλ ◦ωai0 = 12hcλ(fic0 + f0ci + fc0i).
As
∇Uhaλ = hcλ ◦ωcaνUν
for any U , the Fermi-Walker derivative8 will be
∇Fhaλ = ∇Uhaλ + aaUλ − Ua aλ.
The particular case
∇Fh0λ = ∇Uh0λ − U0 aλ = 0
implies that h0 is kept tangent along the curve. The other tetrad members, however, rotate
with respect to a Fermi-Walker observer with an angular velocity
ωk = 12 ǫ
kij ◦ωij0 = −14 ǫkijf0ij, (46)
which shows
◦
ωabc in their role of Ricci’s coefficient of rotation.
4
An ideal observer on spacetime in simply conceived in General Relativity as a timelike curve
with no self-intersections. Now, on such a curve there exists a tetrad field {Ha} which is parallel-
transported all along.9 That frame is inertial: by Eqs.(44) and (45), it has vanishing acceleration.
10
More than that, in that frame all components of
◦
ω vanish along the curve. The components
seen from any other frame {ha} are given by (43),
◦
ωabν = h
c
ν
◦
ωabc = (Λ
−1)ac∂νΛ
c
b = (∂ν ln Λ)
a
b. (47)
Using Eqs.(36) and (38) it is found that
◦
ωabc = hc(α
a
b). (48)
The meaning of the above anholonomy coefficients emerge clearly: Seen from frame {ha} itself,
its acceleration is
f0k0 =
◦
ak =
◦
ωk00 = h0(α
k
0), (49)
the time derivative of the boosts necessary to obtain it from an inertial frame. Its angular
velocity, in the same vein, is given by the time derivative of the rotation angles,
f0ij = − ◦ωij0 = − ǫijk ωk = − h0(αij). (50)
6. FINAL COMMENTS
The usual statement of the Equivalence Principle is that, along any differentiable non-
selfintersecting worldline, it is possible to establish a local frame in which the gravitational field
is not felt. In a positive version of the Principle, the gravitational field is locally replaced by
an accelerated frame.10 The spin current couples to the frame anholonomy, which contains both
its linear acceleration and its angular velocity. The spin term in the Dirac equation includes,
besides many other, the couplings of the electron velocity and spin to these quantities.11 This is
no novelty, except for one point: That acceleration and that angular velocity are measured with
respect to an inertial frame. It is usual to describe them with respect to Fermi-Walker trans-
ported frames, of which inertial frames are particular, but by far the most interesting physically
cases.
A point that deserves to be mentioned is that, in the presence of torsion, Eq. (22) generalizes
to
ωabc − ωacb = facb + T acb. (51)
In the specific case of the teleparallel equivalent of General Relativity,12 where ωabc = 0,
13 we see
that the corresponding (Weitzenbo¨ck) torsion coincides with (minus) the anholonomy coefficient:
T acb = −facb. (52)
This result has interesting consequences. For example, in the same way the U(1) gauge invariance
of the Maxwell theory is not violated in a nonholonomous basis (see Section 2), it is not violated
either by the torsion of teleparallel gravity.14
11
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